Abstract. P-E. Caprace and N. Monod isolate the class X of locally compact groups for which relatively amenable closed subgroups are amenable. It is unknown if X is closed under group extension. In this note, we exhibit a large, group extension stable subclass of X , which suggests X is indeed closed under group extension. Along the way, we produce generalizations of the class of elementary groups and obtain information on groups outside X .
Introduction
In [1] , P-E. Caprace and N. Monod introduce the notion of relative amenability. Definition 1.1. For a locally compact group G, a closed subgroup H G is relatively amenable if H fixes a point in every non-empty convex compact Gspace.
A convex compact G-space is a convex compact subset of a locally convex topological vector space such that the subset has a continuous affine G action.
They go on to study the relationship between amenability and relative amenability. In particular, they isolate a large and interesting class of locally compact groups. Definition 1.2. The class X is the collection of locally compact groups for which every relatively amenable closed subgroup is amenable.
Theorem 1.3 (Caprace, Monod [1, Theorem 2]). (a) X contains all discrete groups. (b) X contains all groups amenable at infinity. (c) X is closed under taking closed subgroups. (d) X is closed under taking (finite) direct products. (e) X is closed under taking adelic products. (f ) X is closed under taking directed unions of open subgroups. Let N G be a closed normal subgroup of a locally compact group G.
(g) If N is amenable, then
(j) If N is discrete and G/N ∈ X , then G ∈ X . (k) If N is amenable at infinity and G/N ∈ X , then G ∈ X .
Two questions concerning the class X arise.
Question 1.4 (Caprace, Monod).
(1) Is X stable under group extension? (2) Are there locally compact groups outside of X ?
Our note contributes primarily to the study of the former. Indeed, let Y be the smallest collection of locally compact groups such that (1) Y contains all compact groups, discrete groups, and connected groups, (2) Y is closed under group extensions, and (3) Y is closed under directed unions of open subgroups. That is to say if
We prove the following. This provides evidence the class X may be stable under group extensions. Furthermore, it gives additional information on potential groups G ∈ X , see Remark 5.4 below.
Generalities on locally compact groups
All groups are taken to be Hausdorff topological groups. We abbreviate "locally compact" by "l.c.", "totally disconnected" by "t.d.", and "second countable" by "s.c.". We write H G, H o G and H cc G to indicate H is a closed subgroup, an open subgroup and a closed cocompact subgroup of G, respectively. We denote by S(G) and U(G) the collection of closed subgroups of G and the collection of compact open subgroups of G, respectively.
We make frequent use of the first isomorphism theorem for topological groups (see [5, (5. 33)]), whose statement is the following.
Let G be a locally group, and let A G and H G be closed. If A is σ-compact and AH is closed, then AH/H ≃ A/A ∩ H as topological groups.
An old topological result for t.d.l.c. groups is also frequently invoked. Notice P ∩N is contained in the center of P and that P/P ∩N ≃ P N/N Q/N is locally elliptic by construction. Therefore, P is a central extension of a locally elliptic group. By [3, Proposition 2.3], this implies P/Rad LE (P ) is abelian, with trivial locally elliptic radical. Since every compact open subgroup of an abelian t.d.l.c. group is contained in its locally elliptic radical, we infer P/Rad LE (P ) is discrete, thereby confirming that Rad LE (P ) is open. (1) E contains all second countable profinite groups and countable discrete groups. (2) E is closed under taking group extensions of second countable profinite or countable discrete groups. I.e. if G is a t.d.l.c.s.c. group and H G is a closed normal subgroup with H ∈ E and G/H profinite or discrete, then
We say E is closed under countable increasing unions.
The class E enjoys robust permanence properties, which supports the thesis E is exactly the groups "built by hand".
Theorem 3.2 ([10, Theorem 3.18]). E enjoys the following permanence properties:
(a) E is closed under group extension.
.s.c. group, and ψ : H → G is a continuous, injective homomorphism, then H ∈ E . In particular, E is closed under taking closed subgroups. (c) E is closed under taking quotients by closed normal subgroups.
A number of surprising further permanence properties hold of E ; we direct the interested reader to [10] .
The class E admits two canonical rank functions. Here we make use of the somewhat technical to define decomposition rank. To recall this rank, we need to recount the basics of descriptive set theoretic trees; see [6] for an in depth treatment.
Denote the collection of finite sequences of natural numbers by N <N . For one element sequences (n), we suppress the parentheses and write n. For sequences s := (s 0 , . . . , s n ) ∈ N <N and r := (r 0 , . . . , r m ) ∈ N <N , we put s r := (s 0 , . . . , s n , r 0 , . . . , r m ).
We write s ⊆ r if s is an initial segment of r. That is to say n m and s i = r i for 0 i n. The empty sequence, ∅, is considered to be an element of N <N and is an initial segment of any t ∈ N <N . For α ∈ N N , we define α ↾ n := (α(0), . . . , α(n − 1)), so α ↾ n ∈ N <N for any n 0.
Definition 3.3. T ⊆ N <N is a tree if it is closed under taking initial segments. We call the elements of T the nodes of T . If s ∈ T and there is no n ∈ N such that s n ∈ T , we say s is a terminal node of T . An infinite branch of T is a sequence α ∈ N N such that α ↾ n ∈ T for all n. The body of T , denoted [T ] , is the collection of all infinite branches. If [T ] = ∅, we say [T ] is well founded.
For T a well founded tree, there is an ordinal valued rank, denoted ρ T , on the nodes of T defined inductively as follows: If s ∈ T is terminal, ρ T (s) = 0. For a non-terminal node s,
The rank of a well founded tree T is defined to be
In the case T = ∅, it is easy to verify ρ(T ) = ρ T (∅) + 1.
The decomposition rank of G ∈ E is the rank of a certain well founded tree. Indeed, fix G a t.d.l.c.s.c. group, U ∈ U(G), and D = {d n } n∈N a set of selector functions for S(G). That is a collection of functions d n : S(G) → G such that for all H ∈ S(G), {d n (H)} n∈N is dense in H; see [6, (12.13 (U,D) (G) and associated subgroups of G as follows:
• Put ∅ ∈ T (U,D) (G) and G ∅ := G • Suppose we have defined s ∈ T (U,D) (G) and G s . Put s n ∈ T (U,D) (G) and
We call T (U,D) (G) the decomposition tree of G with respect to U and D. It turns out this tree is well founded if and only if G ∈ E , [10, Theorem 4.7] . Additionally, the rank of T (U,D) 
. A key property of the decomposition rank, which we exploit in this note, is the following. 
3.2.
Elementary groups in X . We now argue E is a subclass of X . To this end, we require a lemma due to Caprace and Monod. Lemma 13] ). Suppose G is a locally compact group, H G, and
Proof. We first argue by induction on ξ(H) for the following hypothesis: If G is a t.d.l.c.s.c. group, H ∈ E , and H cc G, then G ∈ X . For the base case, ξ(H) = 1, H = {1}, so G is compact and, plainly, an element of X .
Suppose the induction hypothesis holds up to β, ξ(H) = β + 1, and H cc G with G a t.d.l.c.s.c. group. Fix U ∈ U(G) and let {g i } i∈N list a countable dense subset of G. Certainly, G is the increasing union of O n := U, g 0 , . . . , g n , and each O n is open and compactly generated. Additionally,
with H ∩O n cc O n for each n. Since O n is compactly generated, it follows H ∩O n is compactly generated for each n, see [7] .
Fix n ∈ N and consider H ∩ O n . Certainly, Res(H ∩ O n ) O n with
On the other hand, we have ξ(Res(O n ∩ H)) β by Lemma 3.4. Applying the induction hypothesis, U Res(H ∩ O n ) ∈ X , and in view of Lemma 3.5, we infer O n ∈ X .
We conclude G is a directed union of open subgroups each in X and, via Theorem 1.3, G ∈ X . This completes the induction, and we have the hypothesis. The theorem is now in hand: Taking G ∈ E , G cc G and, via our work above, is an element of X .
The class E *
We relax the second countability assumption on E by introducing the following: There is an ordinal rank on E * . For G ∈ E , define
• G ∈ E * 0 if and only if G is profinite or discrete.
e α if and only if there exists N G such that N ∈ E * α and G/N ∈ E * 0 . Put G ∈ (E * ) l α if and only if G = i∈I H i where (H i ) i∈I is an ⊆-directed set of open subgroups of G and
Certainly, E * = α∈ORD E * α , so for G ∈ E * , we define rk(G) := min{α ∈ ORD | G ∈ E * α }. We call rk(G) the construction rank of G.
The construction rank has a number of nice properties.
Lemma 4.2. Let G ∈ E * . Then (a) rk(G) is a successor ordinal when rk(G) is non-zero. (b) If G is compactly generated and has non-zero rank, then rk(G) is given by a group extension. I.e. if rk(G
) = β + 1, there is H G such that rk(H) = β and rk(G/H) = 0. (c) If O o G, then O ∈ E * and rk(O) rk(G).
Proof. These follow by transfinite induction on rk(G).
Proposition 4.3. Let G ∈ E * be σ-compact and let K G be compact and such that G/K is second countable. Then G/K ∈ E .
Proof. We induct on the construction rank of G. As the proposition is immediate if rk(G) = 0, suppose rk(G) = α + 1.
Suppose rk(G) is given by a directed union, so there is (O i ) i∈I a directed system of open subgroups of G such that G = i∈I O i with rk(O i ) α for each i ∈ I. Certainly,
and we may find a countable subcover (O i K/K) i∈N since G/K is Lindelöf. One checks this cover may be taken to be an increasing ⊆-chain.
and O i ∩ K is a compact normal subgroup of O i whose quotient is second countable. The induction hypothesis implies O i /(O i ∩ K) ∈ E , and as G/K is the countable increasing union of (O i K/K) i∈N , we conclude G/K ∈ E . Suppose the construction rank of G is given by a group extension; say H G is such that rk(H) = α and rk(G/H) = 0. Since H is σ-compact and K compact, we have HK/K ≃ H/(H ∩ K), and as rk(H) = α, the induction hypothesis implies H/(H ∩ K) ∈ E . On the other hand, HK/H G/H is closed, and the quotient
is second countable and either discrete or compact. We conclude G/K is a group extension of G/HK by HK/K and, therefore, G/K ∈ E . This completes the induction, and we conclude the proposition.
Proof. Take G ∈ E * . Every locally compact group is the directed union of its open compactly generated subgroups. Since X is closed under directed unions, we may assume G is compactly generated and, therefore, σ-compact. Applying Theorem 2.1, there is K G such that G/K is second countable. Theorem 4.3 implies G/K ∈ E , and by Theorem 3.6, we have that G/K ∈ X . Since K is compact, we deduce from Theorem 1.3 that G ∈ X .
We record a sufficient condition to be a member of E * for later use.
Proof. Since G is the directed union of its compactly generated open subgroups, we may assume G is compactly generated. By [2, Proposition 4.3], every compactly generated t.d.l.c. group with dense quasi-centre is compact-by-discrete and, hence, belongs to E * .
We conclude this section by noting three permanence properties of E * . Proof. The first statement follows just in the case of E ; see the proof of [10, Proposition 3.5].
For (b), let G ∈ E * , let H be a t.d.l.c. group and let ψ : H → G be a continuous, injective homomorphism. Every locally compact group is the directed union of its open compactly generated subgroups. Since E * is closed under directed unions, we may therefore assume H is compactly generated. Therefore, so is P = ψ(H).
Since H is σ-compact, and it has a compact normal subgroup K such that H/K is second countable (see Theorem 2.1). It follows ψ(K) is a compact normal subgroup of P such that P/ψ(K) is second countable. Applying Theorem 4.3, we conclude P/ψ(K) ∈ E and, via Theorem 3.2, H/K ∈ E . Therefore, in view of part (a), H ∈ E * as desired.
For (c), suppose L G; as above, it suffices to consider the case that G is compactly generated. Applying Theorem 2.1, we find K G compact such that
with the latter group is compact. We conclude G/L is compact-by-E and, via (a), belongs to E * .
The class Y
In order to prove Theorem 1.5, we introduce the class Y * consisting of those locally compact groups G such that G/G
• ∈ E * where G • is the connected component of the identity. By definition, we have that The proof of (c) requires the following subsidiary fact.
Lemma 5.2. Let G be a σ-compact l.c. group, and let L, P G be such that
Proof. Let ψ : G → G/L be the canonical projection. We need to show ψ(P ) ∈ E * ; we argue by induction on rk(P ).
For the base case, rk(P ) = 0, the group P is either profinite or discrete. For the former case, ψ(P ) is compact, hence closed and profinite, so the desired conclusion is clear. For the latter case, the group P is contained in the quasi-center of G, hence of P L, which implies that ψ(P ) has a dense quasi-center. The conclusion now follows from Lemma 4.5.
Suppose rk(P ) = β + 1. Let V ∈ U(G/L) and
is trivial, it follows that for each compact subset Σ ⊆ P , the set {usu −1 | u ∈ U, s ∈ Σ} remains compact. It follows every compactly generated subgroup of P is contained in a compactly generated subgroup normalized by U . We may thus write P as a directed union P = n∈I P n of compactly generated open subgroups, each normalized by U . Certainly, ψ(P n ) is normalized by V , and
Since ψ(P n ) cc ψ(P n )(V ∩ ψ(P )), we conclude ψ(P ) ∈ E * provided ψ(P n ) ∈ E * for each n. Fix n and put Q := P n and R := QL. Since Q o P and Q is compactly generated, we have that rk(Q) • , so
We conclude G/G
• is an extension of a group in E * by another group in E * and, thus, a member of E * . Therefore, G ∈ Y * .
(d) Let G ∈ Y * and N G. As noticed above, we have N G • /N = (G/N )
• . Therefore, in order to show that G/N ∈ Y * , it suffices to show that G/G • N ∈ E * . The latter is isomorphic to a quotient of G/G
• ∈ E * , so the desired conclusion follows from Theorem 4.6. , we may take G / ∈ X to be a compactly generated t.d.l.c. group. Applying Theorem 2.1, we have a compact K G such that G/K is second countable. Theorem 1.3 implies G/K must also lie outside of X . We may thus take G / ∈ X to be a compactly generated t.d.l.c.s.c. group. By [10, Theorem 7.8], a t.d.l.c.s.c. group G admits a unique maximal closed normal elementary subgroup, denoted Rad E (G) and called the elementary radical of G. Suppose G is a t.d.l.c.s.c. group outside of X and fix U ∈ U(G). By Theorem 3.6, Rad E (G) ∈ X , and since U Rad E (G) ∈ E , we further have U Rad E (G) ∈ X . In view of Lemma 3.5, it must be the case G/Rad E (G) / ∈ X . We may thus suppose G / ∈ X has trivial elementary radical, and via [10, Corollary 9.12], G is [A]-semisimple. The definition and a discussion of [A]-semisimple groups may be found in [4] . Here we merely recall that [A]-semisimple groups have a canonical action on a lattice and, in many cases, a non-trivial boolean algebra [4] .
